This paper provides a numerical analysis of selected parameters of fracture mechanics for double-edge notched specimens in tension, DEN(T), under plane strain conditions. The analysis was performed using the elastic-plastic material model. The study involved determining the stress distribution near the crack tip for both small and large deformations. The limit load solution was verified. The J-integral, the crack tip opening displacement, and the load line displacement were determined using the numerical method to propose the new hybrid solutions for calculating these parameters. The investigations also aimed to identify the influence of the plate geometry and the material characteristics on the parameters under consideration. This paper is a continuation of the author's previous studies and simulations in the field of elastic-plastic fracture mechanics [4-6, 16, 17, 31].
Introduction (based on [4-6])
The stress distribution near the crack tip for elastic-plastic materials -the HRR solution and the O'Dowd and Shih theory [4] [5] [6] The basic solution used for determining the stress distribution in elastic-plastic materials was first published in 1968 [1, 2] . It is now known as the Hutchinson-Rice-Rosengren (HRR) solution   where r and  are the polar coordinates of the coordinate system located at the crack tip,  ij are the stress tensor components, J is the J-integral, n is the RO exponent,  is the RO constant,  0 is the yield stress, and  0 is the strain related to  0 through  0 = 0 /E. The functions   , ij n    and   n I n are found by solving a fourth-order non-linear homogenous differential equation separately for the plane stress and plane strain conditions [4] [5] [6] . The HRR solution, which is valid for the states of plane stress and plane strain, contains only the first term of the infinite series [4] [5] [6] . Many numerical analyses have shown that the results obtained for the plane strain conditions by means of the HRR solution are different from those calculated using the finite element method (FEM) [4] [5] [6] (see Fig.2 ). The difference can be eliminated by adding more terms to the HRR solution [4] [5] [6] . specimens under plane stress and plane strain (based on [4] [5] [6] ).
There have been many attempts to deal with the difference between the analytical and real descriptions of the stress field. The numerical solution is considered to provide the actual stress distribution. The approach proposed by O'Dowd and Shih [7, 8] is quite simple in nature. They assume that the FEM results are exact and that the difference between the numerical and the HRR results can be calculated. They propose that the stress field near the crack tip should be described using the following formula [4] [5] [6] where (  ) FEM is the value of stress calculated using the FEM and (  ) HRR is the value of stress determined from the HRR solution [4] [5] [6] . Both terms should be calculated for the distance r=2J/ 0 in the direction characterized by =0 [4] [5] [6] ; when =0, the function   0     (in Eq.(1.2)) is equal to 1 [4] [5] [6] .
Various numerical calculations have confirmed that for the plane stress state the Q-parameter is equal to zero, whereas for the plane strain state the Q-parameter is generally less than zero (see Fig.2 ) [4] [5] [6] .
The O'Dowd and Shih theory to describe the stress field in front of the crack tip seems to be the right solution when plane strain is predominant and when we know the value of the Q-stress. Catalogs of numerical solutions have been presented in many scientific papers, e.g., [4] [5] [6] . These papers presents numerical solutions and their approximations used to estimate the Q-stress in relation to the J-integral, the material characteristics, and the relative crack length a/W. Figures 3a) and 3b) compare the Q=f(J) and Q=f(log(J/(a 0 ))) curves, respectively, for a single-edge notched plate in bending, SEN(B), a centre cracked plate in tension, CC(T), and a single-edge notched plate in tension, SEN(T) with a specified geometry for which the Q-stress was identified [4] [5] [6] . The comparison also includes recent data concerning a double-edge notched plate in tension, DEN(T). , and DEN(T) specimens in plane stress and plane strain (with measurements made at the same distance from the crack tip, r=2J/ 0 ) -based on [4] [5] [6] ).
Selected fracture criteria based on the Q-stress theory [4-6]
The O'Dowd and Shih theory [7, 8] has been used to formulate the fracture criteria, assess the stress distribution near the crack tip, and solve various engineering problems in the field of elastic-plastic fracture mechanics [4] [5] [6] . To apply the O'Dowd and Shih approach, an engineer needs to know only the Q-stress (which is calculated numerically) [4] [5] [6] , the material characteristics, and the element geometry [4] [5] [6] . As can be seen from Figure 3 , the Q-stress is dependent on the geometry and material of the plate. A complete catalog of numerical solutions is required to employ the O'Dowd and Shih theory while solving engineering problems [4] [5] [6] . Some types of specimens have already been discussed in the literature [4] [5] [6] , but there is not much information on the behavior of DEN(T), C(T), SEN(4PB) or CCSP(BT) specimens.
The J-Q theory has been used in various engineering programs, including SINTAP [9] and FITNET [10] . The Q-stress is necessary to formulate the fracture criterion and assess the fracture toughness of a structural component [4] [5] [6] . Thus, the O'Dowd and Shih theory can be applied to solve many engineering problems [4] [5] [6] . Some of the formulae used to determine fracture toughness are presented below [4] [5] [6] . Using the J-Q theory, O'Dowd [11] proposed the following fracture criterion
where J C is the actual fracture toughness of a structural element characterized by a geometrical constraint defined by the Q-stress (whose value is usually less than zero), J IC is the fracture toughness of the element in plane strain at Q=0, and  c is the critical stress according to the Ritchie-Knott-Rice hypothesis [12] , [4] [5] [6] .
The fracture criterion proposed by O'Dowd and Shih was discussed by Neimitz et al. in [13, 14] . They modified the O'Dowd and Shih formula (Eq. (1.4) ) by replacing the critical stress,  c , with the maximum crack opening stress,  22_max , which is calculated numerically using a large-strain formulation. The formula proposed in [13, 14] has the following form [4] [5] [6]   _ max n 1
Neimitz et al. [14] studied the behavior of a single-edge notched plate in bending (SEN(B)) under plane strain conditions. They used a finite element method and a large-strain formulation to estimate the maximum crack opening stress  max for several materials (differing in the RO exponent and yield stress) and several crack lengths [14, 15] .
The maximum crack opening stress - 22_max [ 
15-18]
The O'Dowd and Shih theory and the fracture criterion expressed by Eq.(1.5) require that the maximum crack opening stress be determined first. In the FEM analysis, the crack opening stress reaches a maximum when strains are finite. In a real structural element with a crack, stresses around the crack tip are finite [16] [17] [18] . Figure 4 compares the FEM results obtained for small-and large-strain cases [16] [17] [18] . a) b) Fig.4 . a) The stress distribution near the crack tip for SEN(B) specimens -curves generated through the finite element analysis assuming small and finite strain and the HRR formula (based on [13] [14] [15] [16] [17] [18] ); b) The influence of the J-integral on the maximum crack opening stress (normalized by yield stress) for DEN(T) plates with a specified geometry differing in yield stress.
The stress infinity problem is a result of the assumption that the crack tip is perfectly sharp and it remains sharp when under load [16] [17] [18] . When the large strain is assumed to be relaxed, the crack tip blunts and stresses in front of the crack tip become finite. The crack opening stress reaches a maximum at a distance of r=(0.5 to 2.0)J/ 0 , and its value is dependent on the material properties, the specimen geometry, and the external loading [16] [17] [18] . The finite element analysis of the stress and strain fields around the crack tip when the finite strains are used is complex in character [16] [17] [18] . The level and position of maximum stresses depend on the FE mesh details. It is thus necessary that the mesh be properly selected. This problem is not observed when strain is small. This issue has been discussed in several articles [16] [17] [18] . From the numerical analysis it is evident that the maximum crack opening stress depends on the external load, the material properties, and the geometry of the structural element [13] [14] [15] [16] [17] [18] . Some numerical results concerning SEN(B) and CC(T) specimens were presented in [13] [14] [15] [16] [17] [18] . Other basic geometries presented in the EPRI [19] , SINTAP [9] or FITNET [10] procedures have not been analyzed in this respect. Therefore, to simplify engineering analyses, especially those involving evaluation of fracture toughness or description of the stress field near the crack tip in elastic-plastic materials, engineers need catalogs of numerical solutions, where the Q-stress or the maximum crack opening stress for different geometries is provided. This paper includes such catalogs for DEN(T) plates. They will complement the catalogs for SEN(B) and CC(T) specimens published earlier in [14] [15] [16] [17] .
Engineering application of elastic-plastic fracture mechanics
The HRR solution presented above [1, 2] was also a basic thesis in the EPRI procedures [19] . The authors of the EPRI procedures [19] provide not only commands that allow us to estimate the strength of structural elements with cracks using failure assessment diagrams (FAD) or crack driving force (CDF) diagrams but also hybrid patterns based on analytical considerations and numerical solutions, which enable estimation of the J-integral, the crack tip opening displacement (CTOD), and the load line displacement v LL . The main idea for this approach is that engineering analysis does not require performing numerical calculations. The authors of the EPRI procedures [19] suggest that hybrid calculations of the J-integral, the crack tip opening displacement, , and the load line displacement, v LL , be performed using Eqs (1.6)-(1.8) based on the decomposition of the quantity for the elastic and plastic parts , n 1
where the subscript 'el' denotes the elastic part of the quantity and the subscript 'pl' refers to the plastic part of the quantity; b is the uncracked ligament of the specimen (b=W-a); h 1 , h 2 , h 3 are the functions determined numerically by the EPRI authors [19] and presented in the EPRI procedures [18] for different geometries, different relative crack lengths, and different strain hardening exponents, n (exemplary values of the functions h 1 and h 3 for DEN(T) plates provided in Tab.1); P is the external load and P 0 is the limit load, which can be calculated for DEN(T) plates using the following formulae [19] . .
where W is the width of the specimen (plate). The numerical calculations presented in [20] [21] and [31] show that the formulae given in the EPRI procedures [19] are not always exact and the results obtained with them differ from those obtained through the finite element analysis. Some of the differences were discussed in [21] , where the authors verified the limit load solutions for SEN(T) specimens. Another example is Ref. [20] , where an analysis of hybrid solutions is performed to estimate the values of the J-integral for SEN(B) specimens using the EPRI procedures [19] . The author indicated the differences between the numerical solution and the EPRI solution [19] and proposed a slightly different approach, omitting the decomposition of the J-integral for the elastic and plastic parts. The EPRI procedures [19] show that for the DEN(T) type of plate and the configuration of materials listed above, the values of the functions h 1 , h 2 and h 3 should be constant at any level of external loading. The numerical calculations carried out by the author of this paper point to the fact that the values of these functions change with external load, particularly in the range P/P 0 =0; 0.5÷0.7, where the changes are clear. Then, an increase in external load causes the functions to reach saturation (see Fig.5 for h 1 and h 3 functions).
The saturation of the functions h 1 and h 3 (Fig.5 ) differs from that achieved according to the EPRI procedures [19] (see Tab.1). It is thus necessary to verify the solutions proposed in 1981 [19] and this requires intensive numerical analysis. This paper will verify the solutions given in the EPRI procedures [1] and the verification will include calculations of the limit loads for DEN(T) plates in plane stress and plane strain. The paper will also review the formulae to estimate the J-integral, crack tip opening displacement and the load line displacement for plane strain. The choice of plane strain is not accidental -a plane strain state is required to experimentally determine fracture toughness under laboratory conditions. Finally, the paper will present a broad catalog of ready-to-use numerical solutions for selected configurations of material properties and geometric characteristics of the DEN(T) plate to estimate the limit loads, the Q-stress, the maximum crack opening stress, the J-integral, the crack tip opening displacement, and the load line displacement as a function of the normalized external load, with no need for FEM calculations. All the numerical results presented here can be used in engineering analysis.
Details of the numerical calculations (based on [4-6, 15-18])
The numerical analysis was conducted for DEN(T) specimens with the width W=40mm and the length L satisfying the condition that L2W (see Fig.6a ) . As different relative crack lengths were considered, i.e., a/W={0.05, 0.20, 0.50, 0.70}, different levels of 'in-plane' constraints were obtained. That affected the fracture toughness, the stress distribution near the crack tip, the Q-stress, and the maximum crack opening stress [15] . The total length of the plate under study was L=176 mm. The plane strain analysis was carried out according to the ADINA recommendations [22, 23] for specimens with a thickness of B=1m or B=1mm under plane stress. The analysis of the state of plane stress involved determining only the limit loads. 
BBBBBB crack tip
The model of the elastic-plastic material was used to determine the Q-stress, the maximum crack opening stress, the J-integral, the CTOD or the load line displacement. Young's modulus was E=206GPa and Poisson's ratio was =0. 30 . Four values of the yield stress and four values of the strain hardening exponent were analyzed:  0 ={315, 500, 1000, 1500}MPa and n={3.36, 5, 10, 20}, respectively [4] [5] [6] [15] [16] [17] . The wide range of properties considered in the numerical analysis of the model materials correspond to the characteristics of ferritic steels, structural steels and high strength steels [15] . In the FEM simulations, the elastic-plastic material was modeled using the deformation theory of plasticity and the modified von Misses yield criterion. In the model, the stress-strain curve was approximated as follows
where =1.
The limit load was calculated for an elastic-perfectly plastic material [21] . The choice of the DEN(T) specimen was intentional because DEN(T) specimens are used in the FITNET procedures [10] to model real structural elements. In the FITNET [10] or SINTAP procedures [9] , there are no solutions to determine the limit loads or the stress intensity factors for DEN(T) specimens. In the EPRI procedures [19] , a hybrid method is given to calculate the J-integral, the CTOD, and the load line displacement. However, the limit load solutions provided in the EPRI [19] are different from the FEM results [21] . The critical values of the J-integral can also be determined through the laboratory testing of DEN(T) specimens [24] .
All the numerical computations were performed using the ADINA SYSTEM 8.8 [22 ,23] . Because of the specimen symmetry, only a quarter was modeled (see Fig.6a ). All the calculations were conducted for the state of plane strain [4] [5] [6] [15] [16] [17] . The finite element mesh was filled with nine-node plane strain FEs with mixed formulation of interpolation [4] [5] [6] (each finite element had nine points of numerical integration) [4] [5] [6] . Small strain and small displacement were assumed to calculate the Q-stress, the J-integral, the crack tip opening displacement, and the load line displacement [4] [5] [6] . New hybrid formulae were proposed for these three parameters. The maximum crack opening stress was determined assuming that the strain and the displacement were large [15] [16] [17] .
The size of the finite elements in the radial direction decreased towards the crack tip, while the size of the elements in the angular direction was constant. The crack tip region was modeled using 3650 semicircles [4] [5] [6] [15] [16] [17] . The first of them was at least 20÷50 times smaller than the last one. This means that the first finite element behind the crack tip was smaller 3076÷10210 times than the width of the specimen. The crack tip was modeled as a quarter of an arc with the radius r w =(15)10 -6 m, i.e., (1/400001/800)W [4] [5] [6] [15] [16] [17] . The whole DEN(T) specimen was modeled using 3149÷3428 finite elements and 12803÷13921 nodes. External load was applied to the bottom edge of the specimen. Figure 6 presents the numerical model used in the numerical calculations. The model was built according to the literature (see Brocks et al. [25] [26] and Graba and Gałkiewicz [18] ). It should be noted that the same numerical model of the specimen was used to determine the limit loads and calculate the stress distribution for small and large strains.
In the numerical analysis of an elastic-plastic material, the J-integral was calculated with the "virtual shift method", which uses the virtual crack growth concept to compute the virtual energy change [22, 23] . In the analysis, eight contours were considered. They covered the crack tip area with a radius of 10, 15, 20, 25, 30, 35, 40 or 45 finite elements near the crack tip; the results obtained for each of the contours were convergent [15, 18, [25] [26] .
The crack tip opening displacement (CTOD), denoted also as  T , was determined in accordance with the method proposed by Shih [27] . The diagram for the determining the CTOD,  T , is given in Fig.7 . The CTOD was calculated through numerical analysis for an elastic-plastic material, in the same way as the load line displacement. Fig.7 . The concept of Shih's proposal [27] to determine the crack tip opening displacement (CTOD), denoted also as  T .
Plane stress was calculated using numerical analysis for an elastic-perfectly plastic material, which is required to determine the limit loads. At this stage, the same numerical model was used. Only 9-node plane stress finite elements with default formulation of interpolation were used.
To summarize, the limits loads were determined numerically using 32 DEN(T) specimens under plane stress or plane strain, which differed in the crack length (different a/W) and the yield stress. This calculations were made with the assumption of an elastic-perfectly plastic material. In the analysis for an elastic-plastic material, 64 DEN(T) specimens were used to calculate the Q-stress and the basic fracture parameters (J-integral, CTOD, v LL ), assuming that strain was small [4] [5] [6] . Other 64 DEN(T) specimens were used to calculate the maximum crack opening stresses and their position near the crack tip [15] [16] [17] .
Numerical results

Limit load for plane strain and plane stress
The first step of the analysis was to estimate the limit loads. The numerical estimation of the limit loads was based on the results of the observations of the increasing plastic zone and the graphs presenting external load versus load line displacement. The determined values of the limit loads were compared with the values determined using "the twice elastic slope method". The values of the limit load obtained for plane stress and plane strain are presented in Tab.2. Figure 8 shows the influence of the relative crack length and the yield stress on the limit load. From the numerical results it is clear that if the same value of the specimen thickness is the reference value, the values of the limit load for plane strain are greater than those for plane stress. Greater values of the limit load are observed at higher values of the yield stress. An increase in the crack length causes a decrease in the value of the limit load. All the above conclusions are natural. The analysis of the numerical results indicates proportional dependence of the limit load on the yield stress, which can be observed in Fig.8b The numerical results of the limit load were compared with the values determined using Equations (5) and (6) for plane stress and plane strain, respectively [19] . Table 3 shows the differences between the numerical solutions and the EPRI results [19] , which were obtained as
where P 0_EPRI is the value of the limit load calculated using Eqs (1.9) or (1.10) (for plane stress or plane strain, respectively), and P 0_FEM is the limit load determined by the Finite Element Method (FEM). As can be seen, the difference between the numerical solution and the EPRI solution [19] obtained for very short cracks (a/W=0.05) is the greatest; it is nearly 11% in the case of plane stress and 7% in the case of plane strain. An increase in the crack length leads to a decrease in the difference between the numerical solution and the EPRI solution [19] . For plates with a relative crack length (a/W=0.50), the difference is about 1.2%. An increase in the crack length (a/W=0.70) causes an increase in the difference between the numerical solution and the EPRI solution [19] to nearly 5%. It should be noted that the values of the limit load obtained with the EPRI solution are greater than those estimated numerically, as shown in this paper. The average difference is 5%.
Q-stress
The values of the Q-stress were calculated for elastic-plastic materials using small strain and small displacement assuming the state of plane strain. All the numerical results were calculated for six different distances from the crack tip: r={1, 2, 3, 4, 5, 6}J/ 0 [4] [5] [6] . The numerical analysis shows that the Q-stress decreases with increasing distance from the crack tip (see Fig.8 ). It can be noted that the Q-stress decreases when the external load increases; in this paper the external load is expressed by the J-integral [4] [5] [6] . An increase in the external load causes an increase in the difference between the Q-stress calculated at the selected measurement points (see Fig.8 For an engineer who deals with the evaluation of the fracture toughness and strength of a cracked structure, the most interesting results should be those obtained for the distance r=2.0J/ 0 . The values of the Q-stress calculated at this point are used in the fracture criteria presented above (Eqs (1.4) or (1.5)) [4] [5] [6] . At this point, the maximum crack opening stress is often observed [15] [16] [17] . The analysis of the numerical results for the Q-stress at the distance r=2.0J/ 0 should include the influence of the relative crack length, the yield stress, and the strain hardening exponent (see [4] [5] [6] . Figure 10 shows that the Q-stress reaches a more negative value for the same level of the J-integral if the crack length decreases. The Q-stress drops more rapidly for short cracks than for long ones in the range of small external loads (Fig.10) . The Q-parameter decreases if the yield stress increases -this conclusion refers to all the DEN(T) specimen that were used in the research project (Figs 11). Comparing the J-Q trajectories for different values of the ratio  0 /E, we can see that the biggest differences are observed for materials with a small strain hardening exponent (n=3 -strongly hardening materials) and the smallest for materials characterized by a large strain hardening exponent (n=20 -weakly hardening materials). The analysis of all the results leads to the conclusion that the larger the crack length, the larger the differences (see Annexes A-D). It can be noted that for smaller yield stress, the J-Q trajectories lie lower and the changes in the Q-parameter are more rapid when the external load increases (see Fig.11 ) [4] [5] [6] . The influence of the strain hardening exponent on the J-Q trajectories seems quite interesting. For the analyzed geometry, i.e., DEN(T) plates, it is clear that when the strain hardening exponent increases, the Q-stress decreases; the exception is the specimens with the relative crack length a/W=0.70 (see Fig.12d ). For strongly hardening materials, the values of the Q-stress are higher. The cutting of the J-Q trajectories is observed (Fig.12d) for the specimens with long cracks (a/W=0.70). First, higher values of the Q-stress are reported for the specimens made of a weakly hardening material, but when there is an increase in external load, the trend changes and higher values of the Q-stress are observed for the specimens made of a strongly hardening material (Fig.12d) [4] [5] [6] . At this point, it is worth noting that for the specimens with long cracks (a/W=0.70), the J-Q trajectories were different in nature from those obtained for the specimens with the relative crack length a/W0.50 (see Figs  10 and 12 ). This problem was discussed by Chao [28] , who stated that it could be due to the fact that the bending stress near the crack tip was not taken into consideration in the analysis of the stress field [4] [5] [6] .
The maximum crack opening stress and its position near the crack tip
The maximum crack opening stress is treated as a measure of in-plane constraints -limitations imposed by a material undergoing plastic deformation when subjected to external loading [30] . This parameter -the maximum crack opening stress -is necessary to calculate the actual fracture toughness assuming an appropriate fracture criterion [13] [14] [15] [16] [17] .
The analysis of the results will be conducted in order to evaluate the influence of the material properties and the relative crack length [15] [16] [17] . Figure 14 presents the influence of the strain hardening exponent on the  o = o (J) trajectories, where  o = 22_max / 0 . For a material characterized by a lower value of the strain hardening exponent, the  o = o (J) trajectories lie higher [15] [16] [17] . Higher values of the maximum crack opening stress are observed for strongly hardening materials. For the  o = o (J) trajectories, the level of saturation was achieved, as discussed in [13] [14] [15] [16] [17] . For weakly hardening materials, the level of saturation of Figure 15 shows the influence of the yield stress on the  o = o (J) trajectories. The graphs were generated on the basis of the results obtained for strongly and very weakly hardening materials [15] [16] [17] . When the material is characterized by higher values of the yield stress, the  o = o (J) trajectories lie lower. The influence of the yield stress was analyzed for very strongly and strongly hardening materials with the strain hardening exponent n=3.36 and n=5, respectively (Fig.15a) [15] [16] [17] . The level of the maximum crack opening stress does not depend on the yield stress when the strain hardening exponent n is n=10 and n=20 (Fig.15b) . The analysis of the  o = o (J) trajectories requires assessing the change in the position of the maximum crack opening stress, denoted as r 22_max , resulting from an increase in the external load [15] [16] [17] . It should be noted that the physical distance between the position of the maximum crack opening stress and the crack tip increases with increasing the external load [15] [16] [17] . However, due to the fact that the fracture criteria [13, 14] use the normalized distance between the crack tip and the position of the maximum crack opening stress, denoted as  o =(r 22_max  0 )/J, the analysis will be done for selected graphs showing the relationship  o = o (J). An increase in the external load causes a decrease in the normalized position of the maximum crack opening stress, and the  o = o (J) trajectories tend to achieve the saturation level (Figs 17  and 18 ) [15] [16] [17] . From Fig.17a it is evident that the more strongly hardening materials, the lower the values of the normalized position of the maximum crack opening stress. The greater the degree of the material hardening, the lower the curves  o = o (J) lie (Fig.17a) [15] [16] [17] . An increase in the yield strength is accompanied by an increase in the normalized position of the maximum crack opening stress (Fig.17b) The fact that the trajectories  o = o (J) and  o = o (J) achieve the saturation level was taken into account in the proposals for the fracture criteria [13, 14] . Tables 4 and 5 Figures 19a and 19d, respectively) [15] [16] [17] . The reduction in the degree of material hardening causes that the values of the parameters  o and  o for the saturation level decrease and increase, respectively (see Figs 19b and 19e, respectively) [15] [16] [17] . An increase in the yield strength is accompanied by a decline in the value of the parameter  o and a slight increase in the value of the parameter  o (see Figs 19c and 19f, respectively) [15] [16] [17] .
Estimation of the selected fracture parameters -the J-integral, the CTOD, and the load line displacement
Except for the parameters of geometric constraints -the Q-stress, the maximum crack opening stress -there are other parameters such as the J-integral, the CTOD, and the load line displacement that require special attention. These parameters were briefly discussed above. Researchers often use them in the analysis of engineering problems. Two of these parameters, i.e., the J-integral and the crack tip opening displacement (denoted by  T ), can be used to determine the actual fracture toughness (denoted by K C in [9, 10] ), as recommended in the SINTAP [9] or FITNET [10] procedures. The J-integral is a parameter that controls the stress field in front of the crack tip [1, 2] . The load line displacement denoted as v LL may be necessary for the assessment of the limit loads when the DEN(T) plate is used to represent idealized complex structural elements.
The analysis of elastic-plastic materials involved discussing the influence of the yield stress,  0 , the strain hardening exponent, n, and the relative crack length, a/W, on the value of the J-integral, CTOD and the load line displacement v LL . The analysis was performed for the J-integral, the CTOD and the load line displacement as a function of the external load, P, normalized by the limit load, P 0 . The analysis results are illustrated in Figs 20-22. As can be seen, the higher the yield stress of the material, the greater the values of the J-integral, the CTOD and the load line displacement v LL at the same level of the normalized external load P/P 0 . For higher values of the yield stress, all the parameters -the J-integral, the CTOD and v LL -grow faster with a change in the external load (see Figs 20a, 21a and 22a, respectively) .
The rate of change (the rate of growth) of the J=f(P/P 0 ),  T =f(P/P 0 ) and v LL =f(P/P 0 ) curves depends on the strain hardening exponent, n. The less strongly hardening the material is, the higher the values of the J-integral, the CTOD and v LL for a load exceeding the limit load. The J=f(P/P 0 ),  T =f(P/P 0 ) and v LL =f(P/P 0 ) curves plotted for materials characterized by n=10 and n=20 change more rapidly; there is an increase in the relevant parameters (Figs 20b, 21b and 22b, respectively) .
When the influence of the relative crack length, a/W, is analyzed, it should be noted that for longer cracks, the values of the J-integral and the CTOD are higher at the same level of the normalized external load P/P 0 (Figs 20c and 21c, respectively) . However, in the case of the load line displacement v LL , the opposite situation is observed; the obvious conclusion is that the shorter the crack, the higher the values of the load line displacement v LL at the same level of the normalized external load P/P 0 (Fig.22c) . The similar conclusions shown in [31] . 
Approximation of the selected numerical results
All the numerical results presented in this paper can be very useful in solving engineering problems. However, the use of data in the form of tables and graphs can be tedious. That is why the numerical results were approximated using relatively simple mathematical formulae.
Approximation of the limit loads for DEN(T) plates
From the EPRI procedures [19] it is evident that the limit load is a function of the yield stress,  0 , and the specimen geometric dimensions: the thickness, B, the crack length, a (or a/W), and the width, W , , ,
which can be written as
If we assume the specimen thickness B=1 mm for plane stress and B=1 m for plane strain, in the above expression, only the function f(a/W, W) is unknown. The next step of the approximation procedure involves normalizing all the numerical results of the limit loads by the product of the yield stress and the unit thickness (B=1mm or B=1m) and generating a graph showing the relationship between the expression P 0 /( 0 B) and the length of the uncracked ligament of the specimen (denoted as b) - Fig.23 .
As shown in Fig.23 kN] . The use of Eqs (3.3) and (3.4) led to average errors of 3.92% and 1.97% for plane stress and plane strain, respectively. When Eqs (3.5) and (3.6) were used, the errors were 0.2% and 0.03% for plane stress and plane strain, respectively. The use of Eqs (3.7) and (3.8) gave a load estimation error of 1.33% and 0.07% for plane stress and plane strain, respectively.
The TableCurve 3D program [29] can also be used to propose a different approximation formula to calculate the limit loads, P 0 . Figure 24 shows the limit load, P 0 , versus the yield stress,  0 , versus the relative crack length, a/W. In the TableCurve 3D program [29] , the limit loads for plane stress and plane strain were approximated using the function in the following form
where the coefficients A 1 , A 2 , A 3 , A 4 , A 5 , A 6 are given in Tab.6. The use of Eq.(3.9) requires the knowledge of the relative crack length, a/W, and the yield stress,  0 , given in [MPa] . The result will be calculated in [kN] . Formula (3.9) will correctly estimate the limit load for plates with the material and geometric characteristics considered in this paper. It is important to note that the data were obtained for the reference thicknesses B=1mm (plates under plane stress) and B=1m (plates under plane strain). The conversion of a result to another thickness requires the multiplication of the result by the value of the thickness inserted in the appropriate unit -in 
Approximation of the J-Q trajectories
The Q-stress in SEN(B), CC(T) and SEN(T) plates can be calculated on the basis of the external load, the material properties, and the plate geometry using various mathematical formulae available in the literature [4] [5] [6] . The results of the numerical computations of the J-Q trajectories presented in this paper were approximated using a simple J-Q catalog and the universal formula (21) , which allowed us to calculate the Q-stress taking into consideration all the parameters affecting the Q-stress [4] [5] [6] . Before the approximation, all the results were shown as graphs Q=f(log(J/(aσ 0 ))) [4] [5] [6] . Then, all the graphs were approximated by means of a simple mathematical formula, taking into account the material properties, the external load, and the specimen geometry. All the approximations were made for the results recorded at the distance r=2.0J/σ 0 [4] [5] [6] 15] .
Each of the obtained trajectories Q=f(log(J/(aσ 0 ))) was approximated with a third order polynomial in the form [4] [5] [6] 
where the coefficients A 1 , A 2 , A 3 , A 4 are dependent on the strain hardening exponent, n, the yield stress,  0 , and the crack length, a/W. The fitting of formula (14) to the numerical results for the worst case was R 2 =0.951. For different values of the strain hardening exponent, n, the yield stress,  0 , and the ratio a/W, which were not included in the numerical analysis, the coefficients A, B, C and D can be evaluated using a linear or quadratic approximation [4] [5] [6] 15] .
The results of the numerical approximation (all the coefficients of approximation of the numerical results obtained with Eq.(3.10)) are presented in Tabs 7-10. Figure 25 compares the numerical results and their approximations (Eq.(3.10)) for the J-Q trajectories for several cases of DEN(T) specimens. The approximation of the maximum crack opening stress was performed using three-dimensional graphs, which present, in the form of a curved plane, the change in the maximum crack opening stress  o = 22_max / 0 (for the saturation level of the  o = o (J) trajectories) as a function of the strain hardening exponent, n, and the yield strength,  0 , normalized by Young's modulus, E (Fig.26) .
The function selected for the approximation is dependent on two variables -the exponent n in the RO law and the yield strength, 
where the approximation coefficients A 1 ..A 10 are provided in Tab.11. 
New elastic-plastic formulae for determining the J-integral, the CTOD, and the load line displacement v LL
The incompatibility of the numerical results with the results obtained using the algorithm proposed by the authors of the EPRI procedures [19] indicates that it is vital to propose a new hybrid solution to estimate the values of the J-integral, the CTOD, and the load line displacement without the need for numerical calculations. The new formulae, based on the discussion presented in [19] , can be used to determine the J-integral, the CTOD, and the load line displacement; it is possible to omit the decomposition of the elastic and plastic parts of the parameters [31] . The formulae can be written as follows 
where P 0 is the limit load determined numerically (presented in Tab , h 2 * and h 3 * are strongly dependent on the degree of material hardening expressed by the value of the strain hardening exponent, n, the relative crack length, a/W, and the external load, P/P 0 . It can be noted that for the case when the external load is equal to or greater than the limit load, P 0 , the h 1 * =f(P/P 0 ), h 2 * =f(P/P 0 ) and h 3 * =f(P/P 0 ) trajectories achieve the saturation level -compare the conclusions in [31] . The hybrid method provided in the EPRI [2] procedures to estimate the J-integral, the CTOD, and the load line displacement is based on the fixed values of the functions h 1 , h 2 and h 3 [2], which do not depend on the external load. In his earlier studies [20] , the author indicates that the values of the functions h 1 , h 2 , and h 3 change with a variation of the external load. The similar conclusions shown in [31] . It is quite interesting to note that the functions h 1 * , h 2 * and h 3 * are not dependent on the yield strength (Fig.27a) . The values of the functions h 1 * , h 2 * and h 3 * decrease with increasing external load, P/P 0 , and they achieve the saturation level for external loads, P/P 0 1.0 (Fig.27) . The values of the three functions increase with increasing crack length (e.g., Fig.27c ). There is a lack of correlation between the functions h 1 * , h 2 * and h 3 * and the yield stress,  0 , which slightly simplifies the mathematical description of the h 1 * =f(P/P 0 ), h 2 * =f(P/P 0 ) and h 3 * =f(P/P 0 ) curves. The similar observation were observed in the analysis of three-point bending specimens [31] . The functions h 1 * =f(P/P 0 ), h 2 * =f(P/P 0 ) and h 3 * =f(P/P 0 ) can be described using the following mathematical formulae 
where the coefficients of approximation a 1 , and thus the values of the J-integral, the CTOD, and the load line displacement for a specific material and a specific geometry, including all basic specimens -for example SEN(B), DEN(T), SEN(T), C(T), CC(T) [31] . However, an analysis of structural elements with defects, which requires estimating their strength or fracture toughness at loads equal to or greater than the limit loads can be performed using the values of the functions h 1 * , h 2 * and h 3 * for the saturation level of the h 1 * =f(P/P 0 ), h 2 * =f(P/P 0 ) and h 3 * =f(P/P 0 ) curves (see Tab.15). 
